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Two character tables of ﬁnite groups are isomorphic if there exist
a bijection for the irreducible characters and a bijection for the
conjugacy classes that preserve all the character values. In this
paper we compare the number of non-isomorphic p-groups with
derived subgroup of order p with the number of non-isomorphic
character tables of these groups. We show that the difference
between the number of non-isomorphic groups of this type and
the number of non-isomorphic character tables of these groups
increases exponentially. Furthermore, we prove that if we ﬁx the
index of the center of these groups, say p2m , and we let the size
of the groups grow bigger, then, for each character table there are
on average (2m)!/(2mm!) non-isomorphic groups whose character
table are isomorphic to the given one.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
This is the last part of a three-paper sequence containing the main results from the author’s doc-
toral dissertation. We study the isomorphism classes of character tables of p-groups with derived
subgroup of order p. In the ﬁrst two papers we saw that these classes can be described in two differ-
ent ways: by equivalence classes of certain homomorphisms of abelian p-groups and also in a purely
combinatorial way. In the present paper we compare the number of non-isomorphic p-groups with
derived subgroup of order p with the number of non-isomorphic character tables of these groups. Our
approach is as follows: we ﬁx a character table and we describe up to isomorphism all the groups
having their character tables isomorphic to this ﬁxed one. With this description we are able to prove
two main results. The ﬁrst one is that the difference between the number of non-isomorphic p-groups
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is independent of the prime p and increases exponentially. The second main result is that if we ﬁx
the index of the center of these groups and we increase their order, then we have a ﬁnite limit Lm of
the ratio between the number of these groups and the number of character tables. This limit is again
independent of the prime p and depends only on the ﬁxed index. Furthermore, if the index of the
center increases to inﬁnity, then the limit Lm goes to inﬁnity.
We brieﬂy recall some notation and results from the ﬁrst two papers for convenience. Let p be
a prime number and let m, n be positive integers such that n − 2m − 1 0. We denote by Pm,n,p a
full set of non-isomorphic p-groups P with |P | = pn , |P ′| = p, and [P : Z(P )] = p2m , and we denote
by CT m,n,p a full set of non-isomorphic character tables of these groups. We have a natural map
ctm,n,p : Pm,n,p → CT m,n,p that associates to every group its character table. S.R. Blackburn showed
in [1] that there exists a bijection Θm,n,p : Pm,n,p → Sn,m . In [4] we showed that there exist a combi-
natorial set CCT n,m and two maps Cm,n,p : CT m,n,p → CCT n,m and cctn,m : Sn,m → CCT n,m such that
Cm,n,p is a bijection, cctn,m is onto, and the following diagram is commutative:
Pm,n,p
Θm,n,p
ctm,n,p
Sn,m
cctn,m
CT m,n,p
Cm,n,p CCT n,m
Using these classiﬁcations and the above commutative diagram we prove results about the number
of non-isomorphic groups and non-isomorphic character tables of these groups. Let [CT ] ∈ CT m,n,p
be ﬁxed. Then in Theorem 3.14 we obtain a complete description of all the non-isomorphic groups
having the character table isomorphic to [CT ]. This complete description allows us to ﬁnd an upper
bound for the number of these groups (Theorem 4.2). Furthermore, we give conditions for this upper
bound to be attained.
These precise formulas and estimates are used to prove the main results of this paper. One of
these results is Theorem 5.2 which states that the difference between NG(n), the number of non-
isomorphic p-groups of order pn and derived subgroup of prime order, and NCT (n), the number of
non-isomorphic character tables of these groups, is greater than 1Aε e
(c−ε) √n−3, for all ε > 0, where
c = π√2/3. Letting NG(n,m) = |Pm,n,p| and NCT (n,m) = |CT m,n,p |, we show (Theorem 8.8) that
lim
n→∞
NG(n,m)
NCT (n,m)
= (2m)!
2mm! .
This can be interpreted in the following way. Let m be any positive integer. Then if [CT ] ∈ CT m,n,p is
a random character table for large n, there are approximately (2m)!/(2m m!) groups whose character
tables are isomorphic to [CT ].
The paper is organized as follows: in the preliminaries we recall the main results from [1] and [4].
In Section 3 we describe all the non-isomorphic groups having their character tables isomorphic to
a ﬁxed one and in Section 4 we give an upper bound for the number of these groups. In Section 5
we prove that the difference NG(n) − NCT (n) → ∞ as n → ∞. In the last section we ﬁx the in-
dex of the center and we prove NG(n,m)/NCT (n,m) → (2m)!/(2mm!) as n → ∞ (Theorem 8.8) and
(2m)!/(2mm!) → ∞ as m → ∞ (Corollary 8.9).
2. Preliminaries
Let m,n be positive integers such that n−2m−1 0 and let p be a prime. Let Pm,n,p denote a full
set of non-isomorphic p-groups P with |P | = pn, |P ′| = p and [P : Z(P )] = p2m . Let CT m,n,p denote a
full set of non-isomorphic character tables of such groups. S.R. Blackburn proved in [1] the following:
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Θm,n,p : Pm,n,p → Sn,m
where Sn,m is the set of triples (ρ, e, (αi, j)1i jn−2m+2) satisfying the following:
(i) ρ is a partition of n− 2m,
(ii) ρ has a part of size e,
(iii) αi, j are non-negative integers such that
(a)
∑
i, j αi, j =m,
(b) for all k ∈ {2,3, . . . ,n − 2m+ 2}, we have
∑
1ik
αi,k +
∑
k jn−2m+2
αk, j 
⎧⎪⎪⎨
⎪⎪⎩
mk−1 if k e,
1 if k = e + 1,
me − 1 if k = e + 2,
mk−2 if k > e + 2,
where mk denotes the number of parts of ρ of size k.
In our second paper [4] we proved the following result:
Theorem 2.2. There exists a bijection
Cm,n,p : CT m,n,p → CCT n,m
where CCT n,m is the set of quadruples (ρ, e, λ,φ) satisfying the following:
(i) ρ = (ρ1  ρ2  . . . ρk) is a partition of n − 2m.
(ii) ρ has a part of size e. Let i0 be the largest integer such that ρi0 = e.
Let ρ¯ be the partition of n− 2m − 1 whose parts are
ρ¯i =
⎧⎨
⎩
ρi if i = i0, i  k,
ρi − 1 if i = i0,
0 if i > k.
(iii) λ = (λ1  · · · λl) is a partition of n − 1 and there exist 1 i1 < · · · < i2m  l such that setting
λ˜i =
⎧⎨
⎩
λi i /∈ {i1, . . . , i2m}, i  l,
λi − 1 i ∈ {i1, . . . , i2m},
0 i > l,
we have ρ¯ = λ˜.
(iv) φ ∈
{ {1,2} if e = 1 and 0< |{1 t  2m, λit = e}|me−1,
{1} otherwise
where me−1 denotes the number of parts of ρ of size e − 1.
Furthermore, in [4] we proved the following theorem:
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Pm,n,p
Θm,n,p
ctm,n,p
Sn,m
cctn,m
CT m,n,p
Cm,n,p CCT n,m
where the map ctm,n,p associates to every group its character table and the map cctn,m is deﬁned as follows:
cctn,m
((
ρ, e, (αi, j)
))= (ρ, e, λ,φ),
(i) let i0 be the largest integer such that ρi0 = e and let ρ¯ be as in Theorem 2.2,
(ii) we obtain λ from ρ¯ by the following process: for each αi, j = 0 and for each l ∈ {i, j} we successively
increase by 1 αi, j parts of ρ¯ of size
{
l − 1 if l e,
l − 2 if l e + 1,
(iii) φ is deﬁned as follows
φ =
{
2 if e = 1, he+1 = 0 and 0< he me−1,
1 otherwise
where me−1 denotes the number of parts of ρ of size e − 1 and
ha :=
∑
1ia
αi,a +
∑
a jn−2m+2
αa, j
for all a ∈ {1,2,3, . . . ,n− 2m + 2}.
For a positive integer n we denote by P(n) the set of partitions of n and by NCT (n) the number of
non-isomorphic character tables of p-groups of order pn and derived subgroup of order p. We obtain
the following result:
Theorem 2.4. Let n 3 be an integer and let p be a prime. Then NCT (n) does not depend on p and we have:
NCT (n) =
 n−12 	∑
m=1
∑
ρ∈P(n−2m)
∑
e∈D(ρ)
∑
λ∈P(ρ,e)
f (ρ, e, λ)
where D(ρ) denotes the set of distinct parts of ρ and P(ρ, e) is the set of distinct partitions λ of n − 1 that
are obtained from ρ as in Theorem 2.2 and
f (ρ, e, λ) =
{
2 if e = 1 and 0< |{1 t  2m, λit = e}|me−1,
1 otherwise
where me−1 denotes the number of parts of ρ of size e − 1.
Proof. By Theorem 2.3 we have:
NCT (n) =
 n−12 	∑
|CT m,n,p| =
 n−12 	∑
|CCT n,m|.
m=1 m=1
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{
(ρ, e, λ,φ): ρ ∈ P(n − 2m), e ∈ D(ρ), λ ∈ P(ρ, e), φ ∈ Φ}
where P(ρ, e) is the set of distinct partitions of n − 1 that are obtained from ρ by ﬁrst decreasing
by f1 at a part of size e and then increasing by 1 at 2m parts including parts of size 0 and
Φ =
{ {1,2} if e = 1, 0< |{1 t  2m: λit = e}|me−1,
{1} otherwise
(see Theorem 2.2). Hence,
|CCT n,m| =
∑
ρ∈P(n−2m)
∑
e∈D(ρ)
∑
λ∈P(ρ,e)
f (ρ, e, λ)
where
f (ρ, e, λ) =
{
2 if e = 1, 0< |{1 t  2m: λit = e}|me−1,
1 otherwise.
Thus,
NCT (n) =
 n−12 	∑
m=1
∑
ρ∈P(n−2m)
∑
e∈D(ρ)
∑
λ∈P(ρ,e)
f (ρ, e, λ). 
We will give another formula for NCT (n).
Proposition 2.5. Let n be a positive integer and let
Pn =
{
(ρ, e): ρ ∈ P(n) and e is a positive part of ρ}.
Then there exits a bijection
ψ :Pn →Pn−1 ∪ P(n − 1).
Proof. We deﬁne
ψ :Pn →Pn−1 ∪ P(n − 1)
by
ψ
(
(ρ, e)
) := { (ρ¯, e − 1) if e = 1,
ρ¯ if e = 1,
where ρ¯ is the partition of n − 1 obtained from ρ by decreasing by 1 at its last part of size e. We
deﬁne ψ¯ : Pn−1 ∪ P(n − 1) → Pn by ψ¯((ρ¯, e¯)) = (ρ, e¯ + 1) and ψ¯(ρ¯) = ((ρ¯,1),1), where ρ is the
partition of n obtained from ρ¯ by increasing by 1 at its ﬁrst part of size e¯. It is easy to see that ψ
and ψ¯ are inverse functions. Thus, ψ is a bijection. 
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NCT (n) =
 n−12 	∑
m=1
∑
ρ¯∈P(n−2m−1)
∑
e¯∈D(ρ¯)∪{0}
∑
λ∈Pρ¯
f¯ (ρ¯, e¯, λ)
where D(ρ¯) denotes the set of distinct parts of ρ¯ , Pρ¯ is the set of partitions of n − 1 obtained from ρ¯ by
increasing by 1 at 2m parts, ρ¯i1 , . . . , ρ¯i2m which can be zero, and
f¯ (ρ¯, e¯, λ) =
{
1 e¯ = 0 or |{1 t  2m: ρ¯it = e¯}| ∈ {0,me¯},
2 otherwise
where me¯ denotes the number of parts of ρ¯ of size e¯.
Proof. By Theorem 2.4 we have
NCT (n) =
 n−12 	∑
m=1
∑
ρ∈P(n−2m)
∑
e∈D(ρ)
∑
λ∈P(ρ,e)
f (ρ, e, λ)
where λ is obtained by ﬁrst decreasing by 1 at a part of size e and then increasing by 1 at 2m-parts
which can be zero. By Proposition 2.5 we have {(ρ, e): ρ ∈ P(n − 2m), e ∈ D(ρ)}  {(ρ¯, e¯): ρ¯ ∈
P(n − 2m − 1), e¯ ∈ D(ρ¯)} ∪ P(n − 2m − 1). Moreover, given ρ ∈ P(n − 2m) and e ∈ D(ρ) the set of
partitions λ of n − 1 obtained from ρ by ﬁrst decreasing by 1 at a part of size e and then increasing
by 1 at 2m-parts is the same as the set of partitions on n − 1 obtained from ρ¯ by increasing by 1 at
2m-parts.
We have f (ρ, e, λ) = 2 if and only if e = 1 and 0 < |{1  t  2m: ρ¯it = e − 1}| < me−1(ρ¯). But
e = 1 if and only if e¯ = 0 and {1 t  2m: ρ¯it = e − 1} = {1 t  2m: ρ¯it = e¯}. Hence, f (ρ, e, λ) = 2
if and only if f¯ (ρ¯, e¯, λ) = 2. Thus, f (ρ, e, λ) = f¯ (ρ¯, e¯, λ) and
NCT (n) =
 n−12 	∑
m=1
∑
ρ¯∈P(n−2m−1)
∑
e¯∈D(ρ¯)∪{0}
∑
λ∈Pρ¯
f¯ (ρ¯, e¯, λ). 
3. Description of non-isomorphic groups having isomorphic character tables
In this section we describe the preimage of the map cctn,m . We show that the preimage is in bijec-
tion with a certain quotient set which we deﬁne below (Theorem 3.14). Using Blackburn’s description
of p-groups with derived subgroup of prime order and our characterization of the character tables
of these groups, we obtain a complete description of all non-isomorphic groups having isomorphic
character tables.
Deﬁnition 3.1. Let I be a set with 2m elements. We deﬁne
P2(I) :=
⎧⎪⎨
⎪⎩S ∈ P
(P(I)): |S| =m, |s| = 2 for all s ∈ S,and for all s1, s2 ∈ S with
s1 = s2, we have s1 ∩ s2 = ∅
⎫⎪⎬
⎪⎭ ,
where P(I) is the power set for I .
Remark 3.2. Let I = {a1, . . . ,a2m}. Then S = {{a1,a2}, . . . , {a2m−1,a2m}} ∈ P2(I). Thus, the set P2(I)
is non-empty.
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∣∣P2(I)∣∣= (2m)!
2mm! .
Proof. We will prove by induction on m. If m = 1 it is straightforward. Assume that m > 1. Sup-
pose that I = {a1, . . . ,a2m} and let S ∈ P2(I). Suppose that S = {{b1,b2}, . . . , {b2m−1,b2m}}. If we
ﬁx b1 there are (2m − 1) possibilities for b2. Then, by induction the number of possibilities for
{{b3,b4}, . . . , {b2m−1,b2m}} is (2m− 3) · · ·3 · 1. Hence, |P2(I)| = (2m− 1)(2m − 3) · · ·3 · 1= (2m)!2mm! . 
Deﬁnition 3.4. Let I and I¯ be two sets such that |I¯| |I| = 2m. Let f : I → I¯ be a surjective map
and let S1, S2 ∈ P2(I). We say S1 is f -equivalent to S2 and we write S1 ∼ f S2 if there exists a
bijection ψ : I → I such that f ◦ ψ = f and ψ(S1) = S2.
Remark 3.5. The relation deﬁned above is an equivalence relation.
Let (ρ, e, λ,φ) ∈ CCT n,m . Then we have
ρ = (ρ1  · · · ρi0 = e > ρi0+1  · · · ρk),
ρ¯ = (ρ1  · · · > ρi0 − 1= e − 1 ρi0+1  · · · ρk  0, . . . ,0),
λ = (λ1  λ2  · · · λl),
and there exists 1 i1 < · · · < i2m  l such that λi = ρ¯i + 1 if i ∈ {i1, . . . , i2m} and λi = ρ¯i otherwise.
Let E := {1 t  2m: λit = e}. If E = ∅ then let r := |E | and assume E = {s + 1, . . . , s + r} for some
0 s 2m − r.
Deﬁnition 3.6. Let (ρ, e, λ,φ) ∈ CCT n,m and let ρ¯, i0, i1, . . . , i2m and E be as above. For all i ∈
{i1, . . . , i2m} we deﬁne f i and f ′i as follows:
(i) if φ = 1 then
f i =
⎧⎨
⎩
ρ¯i + 1 if ρ¯i  e − 1, i = is+1,
e + 1 if i = is+1,
ρ¯i + 2 if ρ¯i  e,
(ii) if φ = 2 then
f i =
{
ρ¯i + 1 if ρ¯i  e − 1,
ρ¯i + 2 if ρ¯i  e,
(iii) if e = 1 and E = ∅ we further deﬁne
f ′i =
{
1 if ρ¯i = 0,
ρ¯i + 2 if ρ¯i  1.
In what follows let I = {1,2, . . . ,2m}.
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We deﬁne
F : I → { f i1 , . . . , f i2m },
F( j) = f i j
and
F ′ : I → { f ′i1 , . . . , f ′i2m},
F ′( j) = f ′i j .
Remark 3.8. The maps F and F ′ from Deﬁnition 3.7 are always surjective. They are injective if and
only if f i1 , . . . , f i2m are all distinct and f
′
i1
, . . . , f ′i2m are all distinct respectively.
Deﬁnition 3.9. Let F and F ′ be the maps from Deﬁnition 3.7. Let S ∈ P2(I). We deﬁne
FS : S → P
({ f i1 , . . . , f i2m }),
FS
({a,b})= { f ia , f ib }
and
F ′S : S → P
({
f ′i1 , . . . , f
′
i2m
})
,
F ′S
({a,b})= { f ′ia , f ′ib}.
Deﬁnition 3.10. Let (ρ, e, λ,φ) ∈ CCT n,m and let S ∈ P2(I). Let FS and F ′S be the maps from in
Deﬁnition 3.9. We deﬁne α((ρ, e, λ,φ), S) = (αi, j)1i jn−2m+2 by
αi, j :=
∣∣F−1S ({i, j})∣∣
for all 1 i  j  n − 2m+ 2.
If e = 1 and E = ∅ we further deﬁne α′((ρ,1, λ,1), S) = (α′i, j)1i jn−2m+2 by
α′i, j :=
∣∣F ′−1S ({i, j})∣∣
for all 1 i  j  n − 2m+ 2.
The following lemma was stated and proved in [4] in a particular case, namely S = {{1,2}, . . . ,
{2m− 1,2m}}. However, the statement holds true for any S ∈ P2(I) and a similar proof works.
Lemma 3.11. Let (ρ, e, λ,φ) ∈ CCT n,m and let S ∈ P2(I) Let α((ρ, e, λ,φ), S) be as in be as in Deﬁni-
tion 3.10. Then (ρ, e, (α((ρ, e, λ,φ), S)) ∈ Sn,m. If e = 1 and E = ∅ then (ρ, e, (α′((ρ, e, λ,φ), S)) ∈ Sn,m.
Lemma3.12. Let (ρ, e, λ,φ) ∈ CCT n,m and let S1, S2 ∈ P2(I). Letα((ρ, e, λ,φ), S1) = (α1i, j)1i jn−2m+2
and α((ρ, e, λ,φ), S2) = (α2i, j)1i jn−2m+2 be as in Deﬁnition 3.10. Then α((ρ, e, λ,φ), S1) =
α((ρ, e, λ,φ), S2) if and only if S1 ∼F S2 where F is the map from Deﬁnition 3.7.
Moreover, if e = 1 and {1 t  2m: λit = 1} = ∅ let α′((ρ,1, λ,1), S1) and α′((ρ,1, λ,1), S2) be as in
Deﬁnition 3.10. Then α′((ρ,1, λ,1), S1) = α′((ρ,1, λ,1), S2) if and only if S1 ∼F ′ S2 where F ′ is the map
from Deﬁnition 3.7.
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α((ρ, e, λ,φ), S2) if and only if S1 ∼F S2.
Suppose that S1 ∼F S2. Then there exists a bijection ψ : I → I such that F ◦ ψ = F and
ψ(S1) = S2. Let i, j be such that 1 i  j  n − 2m + 2. We will prove that α1i, j = α2i, j . We have
α1i, j =
∣∣F−1S1 ({i, j})∣∣ and α2i, j = ∣∣F−1S2 ({i, j})∣∣.
Assume that F−1S1 ({i, j}) = {{r1, s1}, . . . {rt, st}}. Then {r1, s1}, . . . {rt , st} ∈ S1 and F(r1) = · · · =F(rt) = i and F(s1) = · · · = F(st) = j. Since ψ is a bijection such that ψ(S1) = S2 we obtain
{ψ(r1),ψ(s1)}, . . . , {ψ(rt),ψ(st)} ∈ S2 and since F ◦ ψ = F we have F(ψ(rk)) = F(rk) = i and
F(ψ(sk)) = F(sk) = j for all k = 1, . . . , t . Thus, {{ψ(r1),ψ(s1)}, . . . , {ψ(rt),ψ(st)}} ⊆ F−1S2 ({i, j}).
Hence, α2i, j = |F−1S2 ({i, j})| α1i, j .
Similarly we can prove α1i, j  α2i, j . Thus, α1i, j = α2i, j for all 1 i  j  n − 2m+ 2.
Conversely, suppose that α((ρ, e, λ,φ), S1) = α((ρ, e, λ,φ), S2). We will construct ψ : I → I such
that F ◦ ψ = F and ψ(S1) = S2.
Assume α1a1,b1 , . . . ,α
1
at ,bt
= 0 and all the other α1i, j ’s are zero. Then for all 1  k  t we have
|F−1S1 ({ak,bk})| = |F−1S2 ({ak,bk})|.
Let S1,k := F−1S1 ({ak,bk}) and S2,k := F−1S2 ({ak,bk}). We have S1 =
⋃t
k=1 S1,k and S2 =
⋃t
k=1 S2,k .
Since |S1,k| = |S2,k| for all k = 1, . . . , t there exists a bijection ψk : S1,k → S2,k . Furthermore,
FS2 (ψk({r, s})) = FS1 ({r, s}) = {ak,bk} for all {r, s} ∈ S1,k and we have a bijection
ψ¯ :
⋃
s1∈S1,k
s1 →
⋃
s2∈S2,k
s2
such that ψk({r, s}) = {ψ¯k(r), ψ¯k(s)} for all {r, s} ∈ S1,k . We have
I =
⋃
s¯1∈S1
s¯1 =
t⋃
k=1
⋃
s¯1∈S1,k
s¯1,
I =
⋃
s¯2∈S2
s¯2 =
t⋃
k=1
⋃
s¯2∈S2,k
s¯2,
and for all r ∈ I there exist a unique k and a unique s ∈ I such that {r, s} ∈ S1,k . We can deﬁne
ψ : I → I by ψ(r) = ψ¯k(r).
Since ψk is a bijection for all k = 1, . . . , t we have that ψ is a bijection. Moreover, ψ(S1) = S2 and
F ◦ ψ = F . Thus, S1 ∼F S2.
The case e = 1 and {1 t  2m: λit = 1} = ∅ is proved similarly. 
Lemma 3.13. Let (ρ,1, λ,1) ∈ CCT n,m and assume that {1  t  2m: λit = 1} = ∅. Then
α((ρ,1, λ,1), S1) = α′((ρ,1, λ,1), S2) for all S1, S2,∈ P2(I).
Proof. Suppose that {1 t  2m: λit = 1} = {s+1, . . . , s+ r} for some 0 s 2m− r. For all 1 t  s
we have f it = ρ¯it +2= f ′it and for all s+2 t  2m we have f it = ρ¯it +1= f ′it . For t = s+1 we have
f is+1 = 2 and f ′i = 1.s+1
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and (αi, j) satisfy condition (iii), (b) of Theorem 2.1 we have
α1,2 +
∑
j2
α j,2  1
and similarly we have
α′1,2 +
∑
j2
α′j,2  1.
Then, since f is+1 = 2 either α1,2 = 1 or there exists j ∈ {3,4, . . . ,n− 2m+ 2} such that α2, j = 1. Since
for all 1 t  2m we have f ′it = 2 we obtain that α′1,2 = α′2, j = 0 for all 3 j  n − 2m + 2. Hence,
α((ρ,1, λ,1), S1) = α′((ρ,1, λ,1), S2) for all S1, S2 ∈ P2(I). 
We can now give a complete description of the preimage of the map cctn,m .
Theorem 3.14. Let (ρ, e, λ,φ) ∈ CCT n,m and let f i1 , . . . , f i2m , f ′i1 , . . . , f ′i2m be as in Deﬁnition 3.6. Let I ={1,2, . . . ,2m} and let P2(I) be as in Deﬁnition 3.1.
(a) Suppose that e = 1 or {1 t  2m: λit = 1} = ∅. Then there exists a bijection
P2(I)/∼F → cct−1n,m
(
(ρ, e, λ,φ)
)
where F is the map from Deﬁnition 3.7.
(b) Suppose that e = 1 and {1 t  2m: λit = 1} = ∅. Then there exists a bijection
P2(I)/∼F ∪ P2(I)/∼F ′ → cct−1n,m
(
(ρ, e, λ,φ)
)
where F and F ′ are the maps from Deﬁnition 3.7.
Proof. (a) We deﬁne
A : P2(I) → cct−1n,m
(
(ρ, e, λ,φ)
)
,
A(S) = (ρ, e,α((ρ, e, λ,φ), S)).
The fact that A is well deﬁned was proved in Theorem 8.6 in [4].
By Lemma 3.12 we have A(S1) = A(S2) if and only if S1 ∼F S2. Hence, A induces a map
A : P2(I)/∼F → cct−1n,m
(
(ρ, e, λ,φ)
)
.
Furthermore, by Lemma 3.12 we have A is one-to-one. We will prove that A is surjective. Let
(ρ ′, e′, (αi, j)) ∈ cct−1n,m((ρ, e, λ,φ)). We have
cctn,m
((
ρ ′, e′, (αi, j)
))= (ρ ′, e′, λ′, φ′) = (ρ, e, λ,φ).
Hence, ρ = ρ ′ , e = e′ , λ = λ′ and φ = φ′ . It remains to show that (αi, j) = α((ρ, e, λ,φ), S) for some
S ∈ P2(I). We will construct S ∈ P2(I) such that
αi, j =
∣∣F−1S ({i, j})∣∣
for all 1 i  j  n − 2m+ 2.
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parts and we do not increase by at 1 at the same part twice. Hence, if we denote by i1, . . . , i2m the
positions where we increase by 1 to obtain λ the for all αi, j = 0 we deﬁne
I1i, j =
{
1 t  2m: ρit = i − 1 if i  e, and
ρit = i − 2 if i  e + 1
}
I2i, j =
{
1 t  2m: ρit = j − 1 if j  e, and
ρit = j − 2 if j  e + 1
}
We have that
{1, . . . ,2m} =
⋃
αi, j =0
(I1i, j ∪ I2i, j).
Furthermore, we have
(i) I1i, j ∩ I2i, j = ∅,
(ii) I1i, j ∩ I1k,l = ∅ and I2i, j ∩ I2k,l = ∅, if (i, j) = (k, l),
(iii) |I1i, j| = |I2i, j| = αi, j .
Assume that
I1i, j = {a1, . . . ,aαi, j } and I2i, j = {b1, . . . ,bαi, j }.
Let
Si, j :=
{ {{a1,b1}, . . . , {aαi, j ,bαi, j }} if αi, j = 0,
∅ otherwise.
We have that Si, j is well deﬁned, |Si, j| = αi, j and for all s1, s2 ∈ Si, j with s1 = s2 we have s1 ∩ s2 = ∅.
Furthermore, Si, j ∩ Sk,l = ∅ for all (i, j) = (k, l). Hence,
∑
i, j
|Si, j| =
∑
i, j
2αi, j = 2m.
Thus, S :=⋃i, j Si, j ∈ P2(I). It remains to show that
αi, j =
∣∣F−1S ({i, j})∣∣.
Note that {a,b} ∈ F−1S ({i, j}) if and only if a ∈ I1i, j and b ∈ I2i, j . Thus, F−1S ({i, j}) = Si, j . Hence,
∣∣F−1S ({i, j})∣∣= |Si, j| = αi, j .
(b) As in part (a) we can deﬁne a one-to-one map
A′ : P2(I)/∼F ′ → cct−1n,m
(
(ρ, e, λ,φ)
)
,
A′([S ′])= (ρ, e,α′(ρ, e, λ,φ), S ′).
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B : P2(I)/∼F ∪ P2(I)/∼F ′ → cct−1n,m
(
(ρ, e, λ,φ)
)
,
B([S]) =
{A([S]) if [S] ∈ P2(I)/∼F ,
A′([S]) if [S] ∈ P2(I)/∼F ′ .
It straightforward to see that B is well deﬁned. As in part (a) we can show that B is onto. We will
show that B is one-to-one. By Lemma 3.12 the maps A and A′ are one-to-one. It remains to show
that A([S]) = A′([S ′]) for all [S] ∈ P2(I)/∼F and [S ′] ∈ P2(I)/∼F ′ . This follows immediately from
Lemma 3.13. 
4. Upper bound for the number of non-isomorphic groups having isomorphic character tables
In this section we will give an upper bound for the number of non-isomorphic p-groups with
derived subgroup of prime order having isomorphic character tables (Theorem 4.2).
Let I = {1,2, . . . ,2m} and M = {m1,m2, . . . ,mt} be a set with at most 2m elements. Let f : I →
M be a surjective map. For all 1 i  t let ni = | f −1(mi)| and let G := Sn1 × Sn2 × . . .× Snt , where Sni
denotes the symmetric group in ni letters. Then G acts on P2(I) and |P2(I)/∼ f | equals the number
of orbits under the action of G . By Cauchy–Frobenius lemma we have
∣∣P2(I)/∼ f ∣∣= 1|G|
∑
g∈G
∣∣FixP2(I)(g)∣∣
where FixP2(I)(g) = {S ∈ P2(I): g.S = S for all g ∈ G}.
Lemma 4.1. Let M = {m1,m2, . . . ,mt} with t < 2m and m 2. Let f : I → M be a surjective map. Then,
∣∣P2(I)/∼ f ∣∣< (2m)!2mm! .
Proof. For all 1  i  t let ni := | f −1(mi)| and let G = Sn1 × · · · × Snt . Since t < 2m we have that
G acts non-trivially on P2(I). Hence, the number of orbits is less than the number of elements of
P2(I). Thus,
∣∣P2(I)/∼ f ∣∣< ∣∣P2(I)∣∣= (2m)!2mm! . 
Theorem 4.2. Let m,n be positive integers such that n − 2m − 1 0. Let (ρ, e, λ,φ) ∈ CCT n,m. Recall from
Theorem 2.2 that we also have ρ = (ρ1  · · ·  ρi0 = e > ρi0+1  · · ·  ρk) and there exist 1  i1 < · · ·
< i2m such that λi = ρ¯i + 1 if i ∈ {i1, . . . , i2m} and λi = ρ¯i otherwise, where ρ¯ = (ρ1  · · · > ρi0 − 1 =
e − 1 ρi0+1  · · · ρk,0, . . . ,0).
(a) Suppose e = 1 or {1 t  2m : λit = e} = ∅. Then
∣∣cct−1n,m((ρ, e, λ,φ))∣∣ (2m)!2mm! .
The upper bound is attained if and only if one of the following conditions is satisﬁed:
(i) m = 1 or
(ii) ρ¯i1 , . . . , ρ¯i2m are all distinct or
(iii) there exists 0 s 2m − 2 such that ρ¯is+1 = ρ¯is+2 = e − 1 and ρ¯i1 , . . . ,
ρ¯is+1 , ρ¯is+3 , . . . , ρ¯i2m are all distinct.
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∣∣cct−1n,m((ρ, e, λ,φ))∣∣ 2 (2m)!2mm! .
The upper bound is attained if and only if one of the following conditions is satisﬁed:
(i) m = 1 or
(ii) ρ¯i1 , . . . , ρ¯i2m are all distinct.
Proof. (a) Suppose e = 1 or {1  t  2m: λit = e} = ∅. Then, by Theorem 3.14 and Lemma 3.12 we
have:
∣∣cct−1nm((ρ, e, λ,φ))∣∣= ∣∣P2(I)/∼F ∣∣ ∣∣P2(I)∣∣= (2m)!2mm! .
If m = 1 then by the above formula we always have equality.
Assume that m 2. Then by Lemma 4.1 the upper bound is attained if and only if all f i1 , . . . , f i2m
are distinct.
If φ = 2 or {1 t  2m: λit = e} = ∅ then
f i j =
{
ρ¯i j + 1 if ρ¯i j  e − 1,
ρ¯i j + 2 if ρ¯i j  e.
Hence the f i1 , . . . , f i2m are all distinct if and only if all ρ¯i1 , . . . , ρ¯i2m are distinct.
If φ = 1 and {1 t  2m: λit = e} = {s + 1, . . . , s + r} then
f i j =
⎧⎨
⎩
ρ¯i j + 1 if ρ¯i j  e − 1, i j = is+1,
e + 1 if i j = is+1,
ρ¯i j + 2 if ρ¯i j  e,
and f i1 , . . . , f i2m are distinct if and only if |{1 t  2m: λit = e}| 2 and for all 1 j,k  2m such
that ρ¯i j = e−1 = ρ¯ik we have ρ¯i j = ρ¯ik . If |{1 t  2m: λit = e}| = 1 then all ρ¯i1 , . . . , ρ¯i2m are distinct
and if |{1 t  2m: λit = e}| = 2 then there exists 0 s 2m − 2 such that ρ¯is+1 = ρ¯is+2 = e − 1 and
ρ¯i1 , . . . , ρ¯is+1 , ρ¯is+3 , . . . , ρ¯i2m are distinct.
(b) Suppose that e = 1 and {1 t  2m: λit = e} = {s+ 1, . . . , s+ r} for some 0 s 2m− r. Since
e = 1 we have φ = 1. Then by Theorem 3.14 and Lemma 3.13 we have
∣∣cct−1n,m((ρ, e, λ,φ))∣∣= ∣∣P2(I)/∼F ∣∣+ ∣∣P2(I)/∼F ′ ∣∣ 2 (2m)!2mm! .
The upper bound is attained if and only if either m = 1 or f i1 , . . . , f i2m are all distinct and f ′i1 , . . . , f ′i2m
are all distinct. Since
f i j =
⎧⎨
⎩
1 if ρ¯i j = 0, i = is+1,
2 if i = is+1,
ρ¯i j + 2 if ρ¯i j  1
and
f ′i j =
{
1 if ρ¯i j = 0,
ρ¯i j + 2 if ρ¯i j  1,
we have that the upper bound is attained if and only ρ¯i1 , . . . , ρ¯i2m are all distinct. 
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2m − 1 non-zero distinct parts. Let e¯ be a part of ρ¯ possibly 0. Let ρ be the partition of n − 2m obtained from
ρ¯ by increasing by 1 at a part of size e¯. Let λ be a partition of n − 1 obtained from ρ¯ by increasing by 1 at 2m
distinct parts. Then
∣∣cct−1n,m((ρ, e¯ + 1, λ,φ))∣∣ (2m)!2mm! .
Proof. Let ρ¯i1 , . . . , ρ¯i2m be the 2m-distinct parts where we increase by 1 and let e = e¯ + 1. Let E =
{1 t  2m: λit = e}. By Theorem 4.2 we have that if e = 1 or E = ∅ then |cct−1n,m((ρ, e, λ,φ))| = (2m)!2mm!
and if e = 1 and E = ∅ then |cct−1n,m((ρ,1, λ,1))| = 2 (2m)!2mm! . Thus,
∣∣cct−1n,m((ρ, e¯ + 1, λ,φ))∣∣ (2m)!2mm! . 
5. The difference NG (n) − NCT (n)
In this section we give an estimate for the difference between NG(n), the number of non-
isomorphic p-groups of order pn and derived subgroup of order p, and NCT (n), the number of
non-isomorphic character tables of these groups (Theorem 5.2).
Theorem 5.1. Let n  3 be an integer and let p be a prime. Let NG(n) denote the number of non-isomorphic
p-groups of order pn and derived subgroup of order p, and let NCT (n) denote the number of non-isomorphic
character tables of these groups. Then
NG(n) − NCT (n)
∣∣P(n − 3)∣∣
where |P(n − 3)| denotes the number of partitions of n − 3.
Proof. For all 1 m  n−12 	 let NG(n,m) denote the number of non-isomorphic p-groups P with
|P | = pn , |P ′| = p and [P : Z(P )] = p2m , and let NCT (n,m) denote the number of non-isomorphic
character tables of these groups. We have
NG(n) − NCT (n) =
 n−12 	∑
m=1
NG(n,m) −
 n−12 	∑
m=1
NCT (n,m)
 NG(n,1) − NCT (n,1).
We will prove NG(n,1) − NCT (n,1)  |P(n − 3)|. From Theorem 2.3 we have the following com-
mutative diagram
P1,n,p
Θn,1
ct1,n,p
Sn,1
cctn,1
CT 1,n,p CCT n,1
In Theorem 4.2 we have proved that for all (ρ, e, λ,φ) ∈ CCT n,1 we have
∣∣cct−1n,1((ρ, e, λ,φ))∣∣ ∈ {1,2}.
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one part of size 0. Hence,
NG(n,1) =
∣∣{(ρ, e, λ,φ) ∈ CCT n,1: ∣∣cct−1n,1((ρ, e, λ,φ))∣∣= 1}∣∣
+ ∣∣{(ρ,1, λ,1) ∈ CCT n,1: ∣∣cct−1n,1((ρ,1, λ,1))∣∣= 2}∣∣.
We obtain that
NG(n,1) − NCT (n,1) =
∣∣{(ρ,1, λ,1) ∈ CCT n,1: ∣∣cct−1n,1((ρ,1, λ,1))∣∣= 2}∣∣.
It is easy to see that there is a bijection between
{
ρ ∈ P(n − 2): ρ has a part of size 1}→ P(n − 3).
Hence,
∣∣{(ρ,1, λ,1) ∈ CCT n,1: ∣∣cct−1n,1((ρ,1, λ,1))∣∣= 2}∣∣ ∣∣P(n − 3)∣∣.
Thus,
NG(n) − NCT (n)
∣∣P(n − 3)∣∣. 
Corollary 5.2. For all ε > 0 there exists Aε > 0 such that
NG(n) − NCT (n) > 1
Aε
e (c−ε)
√
n−3
where c = π√2/3.
Proof. P. Erdo˝s proved in [2] that for all ε > 0 there exists Aε > 0 such that
∣∣P(n)∣∣> 1
Aε
e (c−ε)
√
n
where c = π√2/3 and |P(n)| denotes the number of partitions of n. The result follows now immedi-
ately from Theorem 5.1. 
6. The number of structures for the abelianization given the center
In this section we will investigate all the possible structures of P/P ′ having ﬁxed the structure of
Z(P ) and P ′ . The abelian p-group Z(P ) will be given by a ﬁxed partition ρ and the abelian p-group
Z(P )/P ′ will also be given by a ﬁxed partition ρ¯ . In Corollary 2.6 we proved that the number of
possible structures of P/P ′ depends on ρ¯ . In Theorem 6.3 we give a precise formula for this number.
In what follows m,n will be positive integers such that n− 2m− 1 0. For a ﬁxed ρ ∈ P(n − 2m)
and for a ﬁxed part e of ρ we will determine the number of all possible λ such that (ρ, e, λ,φ) ∈
CCT n,m for some φ ∈ {1,2}. Let ρ¯ be the partition of n− 2m− 1 obtained from ρ as in Theorem 2.2.
We will assume that ρ¯ has inﬁnitely many parts of size 0 and we will denote by dρ¯ the number of
distinct parts of ρ¯ including 0 as a part.
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obtained from ρ¯ by increasing by 1 at 2m parts. We deﬁne
Γ : Pρ¯ → P(2m),
Γ (λ) = η
where η is the following partition of 2m: suppose λ is obtained from ρ¯ by increasing by 1 at
ρ¯i1 , ρ¯i2 , . . . , ρ¯i2m and
ρ¯i1 = · · · = ρ¯iη1 > ρ¯iη1+1 = · · · = ρ¯iη1+η2 > · · · > ρ¯iη1+...+ηr−1+1 = · · · = ρ¯iη1+...+ηr .
Then η is the partition of 2m whose parts are η1, . . . , ηr deﬁned above. Note that the parts η1, . . . , ηr
are not necessarily in decreasing order.
Lemma 6.2. Let ρ¯ ∈ P(n − 2m− 1) and let Pρ¯ and Γ : Pρ¯ → P(2m) be as in Deﬁnition 6.1. Then
∣∣Γ −1(η)∣∣= ( dρ¯,η1
m(η1)
)(
dρ¯,η2 −m(η1)
m(η2)
)
· · ·
(
dρ¯,ηr − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
where η has distinct parts η1 > · · · > ηk with multiplicities m(η1), . . . ,m(ηk), and dρ¯,ηi denotes the number
of distinct parts of ρ¯ with multiplicity at least ηi . Here we always count 0 as a part with large multiplicity.
Proof. Let η = (ηm(η1)1 , . . . , ηm(ηk)k ) ∈ P(2m). For all 1  i  k we will increase by 1 at m(ηi)-parts
of ρ¯ with multiplicity at least ηi . Since η1 > · · · > ηk we have dρ¯,η1  · · ·  dρ¯,ηk and we have(dρ¯,η1
m(η1)
)
-possibilities to increase by 1 at m(η1)-parts of ρ¯ with multiplicity at least η1. Then we have(dρ¯,η2−m(η1)
m(η2)
)
-possibilities to increase at m(η2)-parts of ρ¯ with multiplicity at least η2. Hence, the
number of possibilities is
(
dρ¯,η1
m(η1)
)(
dρ¯,η2 −m(η1)
m(η2)
)
· · ·
(
dρ¯,ηr − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
. 
Theorem 6.3. Let ρ¯ ∈ P(n− 2m− 1) and let Pρ¯ be as in Deﬁnition 6.1. For all 1 i  2m, let dρ¯,i denote the
number of distinct parts of ρ¯ with multiplicity at least i. Then
|Pρ¯ | =
∑
η∈P(2m)
(
dρ¯,η1
m(η1)
)
· · ·
(
dρ¯,ηr − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
where for η ∈ P(2m) we denote by η1 > η2 > · · · > ηk the distinct parts of η and by m(ηi) we denote the
multiplicity of ηi .
Proof. Let Γ : Pρ¯ → P(2m) be the map from Deﬁnition 6.1. Then
|Pρ¯ | =
∑
η∈P(2m)
∣∣Γ −1(η)∣∣
and using Lemma 6.2 we obtain
|Pρ¯ | =
∑
η∈P(2m)
(
dρ¯,η1
m(η1)
)
· · ·
(
dρ¯,ηr − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
. 
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Rη(X) =
(
X
m(η1)
)(
X −m(η1)
m(η2)
)
· · ·
(
X − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
.
Then we have:
(a) deg Rη  2m with equality if and only if η = (12m).
(b) If η = (12m), (2,12m−2) then deg Rη < 2m− 1.
Proof. We have deg Rη =m(η1) + · · · +m(ηr) and 2m = η1m(η1) + · · · + ηrm(ηr).
(a) If η = (12m) then η1 = 1, m(η1) = 2m and Rη =
( X
2m
)
, hence deg Rη = 2m.
Conversely, suppose η1  2. Then we have:
2m = η1m(η1) + · · ·ηrm(ηr)
 2m(η1) +m(η2) + · · · +m(ηr)
=m(η1) + 2m.
Hence, m(η1) = 0 which implies that all parts must be equal to 1. Thus, η = (12m).
(b) Suppose there exists η ∈ P(2m) \ {(12m), (2,12m−2)} such that deg Rη  2m − 1. If η1  3 then
we have
2m =m(η1)η1 + · · · +m(ηr)ηr
 3m(η1) +m(η2) + · · · +m(ηr)
= 2m(η1) +m(η1) +m(η2) + · · · +m(ηr)
 2m(η1) + 2m− 1.
We obtain 1  2m(η1) which is impossible as m(η1)  1. Thus, η1 = 1,2. If η1 = 1 then η = (12m)
which is excluded, hence η1 = 2 and m(η1) 2 as η = (2,12m−2). We have
2m = 2m(η1) +m(η2)
=m(η1) +m(η1) +m(η2)
m(η1) + 2m − 1.
Hence, m(η1) 1 which is a contradiction. Thus, if η = (12m), (2,12m−2) we have deg Rη  2m−2. 
Corollary 6.5. There exists a polynomial R(X) ∈ Q[X] of degree at most 2m − 1 which depends on m but not
on n and such that for all ρ¯ ∈ P(n − 2m− 1) we have
|Pρ¯ |
d2mρ¯
(2m)! + R(dρ¯ )
where Pρ¯ is as in Deﬁnition 6.1 and dρ¯ denotes the number of distinct parts of ρ¯ , including 0 as a part.
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|Pρ¯ | =
∑
η∈P(2m)
(
dρ¯,η1
m(η1)
)
· · ·
(
dρ¯,ηr − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
.
Since for all 1 i  r we have dρ¯,ηi  dρ¯ we obtain
|Pρ¯ |
∑
η∈P(2m)
(
dρ¯
m(η1)
)
· · ·
(
dρ¯ − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
=
(
dρ¯
2m
)
+
∑
η∈P(2m)
η =(12m)
(
dρ¯
m(η1)
)
· · ·
(
dρ¯ − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
.
For all η ∈ P(2m) let
Rη(X) :=
(
X
m(η1)
)(
X −m(η1)
m(η2)
)
· · ·
(
X − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
.
Then, by Proposition 6.4, we have deg Rη  2m with equality if and only if η = (12m). Hence,
|Pρ¯ |
(
dρ¯
2m
)
+
∑
η∈P(2m)
η =(12m)
Rη(dρ¯ )
= d
2m
ρ¯
(2m)! + R¯(dρ¯ ) +
∑
η∈P(2m)
η =(12m)
Rη(dρ¯ )
= d
2m
ρ¯
(2m)! + R(dρ¯ )
where R(dρ¯ ) = R¯(dρ¯ ) +∑ η∈P(2m)
η =(12m)
Rη(dρ¯ ). Since deg Rη,deg R¯ < 2m for all η ∈ P(2m), η = (12m) we
have deg R < 2m. 
Corollary 6.6. Let ρ¯ ∈ P(n − 2m − 1) and let e¯ be a part of ρ¯ possibly zero. Let ρ be the partition of n − 2m
obtained from ρ¯ by increasing by 1 at a part of size e¯. Let Pρ¯ be as in Deﬁnition 6.1 and let
Mρ¯,e¯ :=
{
λ ∈ Pρ¯ :
∣∣cct−1n,m((ρ, e¯ + 1, λ,φ))∣∣< (2m)!2mm!
}
.
Then there exists a polynomial R(X) ∈ Q[X] of degree at most 2m − 2 depending only on m such that
|Mρ¯,e¯|
d2m−1ρ¯
(2m− 2)! + R(dρ¯ )
where dρ¯ denotes the number of distinct parts of ρ¯ including 0 as a part.
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Assume that m 2. We have Mρ¯,e¯ ⊆ Pρ¯ and by Theorem 6.3 we have
|Pρ¯ | =
∑
η∈P(2m)
(
dρ¯,η1
m(η1)
)
· · ·
(
dρ¯,ηr − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
.
Since for all λ ∈ Mρ¯,e¯ we have |cct−1n,m((ρ, e¯ + 1, λ,φ))| < (2m)!2mm! by Corollary 4.3 we have that λ is
obtained from ρ¯ by increasing at 2m parts not all distinct. Thus,
|Mρ¯,e¯|
∑
η∈P(2m)
η =(12m)
(
dρ¯,η1
m(η1)
)
· · ·
(
dρ¯,ηr − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)

∑
η∈P(2m)
η =(12m)
(
dρ¯
m(η1)
)
· · ·
(
dρ¯ − (m(η1) +m(η2) + · · · +m(ηr−1))
m(ηr)
)
=
∑
η∈P(2m)
η =(12m)
Rη(dρ¯ )
= R(2,12m−1)(dρ¯ ) +
∑
η∈P(2m)
η =(12m), (2,12m−2)
Rη(dρ¯ )
= dρ¯
(
dρ¯ − 1
2m − 2
)
+
∑
η∈P(2m)
η =(12m), (2,12m−2)
Rη(dρ¯ )
= d
2m−1
ρ¯
(2m − 2)! + R¯(dρ¯ ) +
∑
η∈P(2m)
η =(12m), (2,12m−2)
Rη(dρ¯ )
where Rη(X) is as in Proposition 6.4. Let
R(X) := R¯(X) +
∑
η∈P(2m)
η =(12m), (2,12m−2)
Rη(X).
Thus,
|Mρ¯,e¯|
d2m−1ρ¯
(2m − 2)! + R(dρ¯ ).
By Proposition 6.4(b) we have deg Rη < 2m − 1 and since deg R¯ < 2m − 1 we have deg R < 2m − 1.
Thus,
|Mρ¯,e¯|
d2m−1ρ¯
(2m − 2)! + R(dρ¯ )
with deg R < 2m− 1. 
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In this section we investigate the asymptotic behavior of polynomials with real coeﬃcients in the
number of distinct parts of a partition of an integer. Our main result is Theorem 7.6 which we will
use in Section 7.
The following theorem is Theorem B in Wilf [5].
Theorem 7.1. The average number of different sizes of parts that a partition of the integer n has is
d¯n ∼
√
6
π
n1/2.
Remark 7.2. The result of Theorem 7.1 holds true if we allow our partitions to have parts equal to 0
and we count 0 as a part.
Lemma 7.3. Let a1,a2, . . . ,an be non-negative real numbers. Assume that there exists M > 0 such that ai  M
for all 1 i  n. Then for all t  1 we have
(
1
n
n∑
i=1
ai
)t

(
1
n
n∑
i=1
ati
)
 Mt−1
(
1
n
n∑
i=1
ai
)
.
Proof. If t = 1 then the inequalities hold trivially. Assume that t > 1. Then the ﬁrst inequality is and
easy consequence of Minkowski’s inequality and the second inequality is straightforward. 
Proposition 7.4. Let m be a positive integer and let R(X) = amXm + am−1Xm−1 + · · · + a1X + a0 ∈ R[X] be
such that am > 0. Then there exists R1(X) ∈ R[X] with deg R1 m− 2 such that for all positive integers n we
have
am(d¯n)
m − R1(
√
2n)d¯n + a0|P(n)| 
∑
ρ∈P(n) R(dρ)
|P(n)|  am(
√
2n)m−1d¯n + R1(
√
2n)d¯n + a0|P(n)|
where dρ denotes the number of distinct parts of ρ for all ρ ∈ P(n) counting 0 as a distinct part and d¯n =
1
|P(n)|
∑
ρ∈P(n) dρ .
Proof. Let R1(X) := |am−1|Xm−2 + |am−2|Xm−3 + · · · + |a1|. Then, R1(X) ∈ R[X] with deg R1 m − 2.
For all t  1 let d¯tn := 1|P(n)|
∑
ρ∈P(n) dtρ . It is known, see for instance [3] that dρ 
√
2n for all
ρ ∈ P(n). Hence, we can use Lemma 7.3 and we have
∑
ρ∈P(n) R(dρ)
|P(n)| =
1
|P(n)|
∑
ρ∈P(n)
(
amd
m
ρ + am−1dm−1ρ + · · · + a1dρ + a0
)
= amd¯mn + am−1dm−1n + · · · + a1d¯n + a0|P(n)|
 amd¯mn + |am−1|dm−1n + · · · + |a1|d¯n + a0|P(n)|
 am(
√
2n)m−1d¯n + |am−1|(
√
2n)m−2d¯n + · · · + |a1|d¯n + a0|P(n)|
= am(
√
2n)m−1d¯n + R1(
√
2n)d¯n + a0 .|P(n)|
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∑
ρ∈P(n) R(dρ)
|P(n)| =
1
|P(n)|
∑
ρ∈P(n)
(
amd
m
ρ + am−1dm−1ρ + · · · + a1dρ + a0
)
= amd¯mn + am−1dm−1n + · · · + a1d¯n + a0|P(n)|
 amd¯mn − |am−1|dm−1n − · · · − |a1|d¯n + a0|P(n)|
 am(d¯n)m − |am−1|(
√
2n)m−2d¯n − · · · − |a1|d¯n + a0|P(n)|
= am(d¯n)m − R1(
√
2n)d¯n + a0|P(n)| . 
Corollary 7.5. Let m be a positive integer and let R(X) ∈ R[X] be a polynomial of degree m with positive
leading coeﬃcient. Then,
lim
n→∞
∑
ρ∈P(n) R(dρ)
|P(n)| = ∞
where dρ denotes the number of distinct parts of ρ counting 0 as a part. Furthermore, for n large enough we
have
∑
ρ∈P(n) R(dρ) > 0.
Proof. Suppose that R(X) = amXm + am−1Xm−1 + · · · + a1X + a0. Then, from Proposition 7.4 we have
that there exists R1(X) a polynomial of degree at most m− 2 such that∑
ρ∈P(n) R(dρ)
|P(n)|  am(d¯n)
m − R1(
√
2n)d¯n + a0|P(n)| .
Hence,
lim
n→∞
∑
ρ∈P(n) R(dρ)
|P(n)|  limn→∞
(
am(d¯n)
m − R1(
√
2n)d¯n + a0|P(n)|
)
= lim
n→∞
(
am
(√
6
π
√
n
)m
− R1(
√
2n)
√
6
π
√
n + a0|P(n)|
)
= ∞
as deg R1 m− 2. Furthermore, for n  0 we obtain∑
ρ∈P(n) R(dρ)
|P(n)| > 0
hence,
∑
ρ∈P(n) R(dρ) > 0. 
Theorem 7.6. Let R(X), Q (X) ∈ R[X] with positive leading coeﬃcients. Suppose that deg R < deg Q . Then
lim
n→∞
∑
ρ∈P(n) R(dρ)∑
ρ∈P(n) Q (dρ)
= 0
where dρ denotes the number of distinct parts of ρ counting 0 as a part.
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ρ∈P(n) R(dρ),
∑
ρ∈P(n) Q (dρ) > 0. For all n N let
An :=
∑
ρ∈P(n) R(dρ)∑
ρ∈P(n) Q (dρ)
.
Then we have An > 0.
Suppose that R(X) = ar Xr + ar−1Xr−1 + · · · + a1X + a0 and that Q (X) = bs Xs + bs−1Xs−1 + · · · +
b1X + b0 with r < s and ar,bs > 0. Using Proposition 7.4 we obtain
An =
1
|P(n)|
∑
ρ∈P(n) R(dρ)
1
|P(n)|
∑
ρ∈P(n) Q (dρ)

ar(
√
2n)r−1d¯n + R1(
√
2n)d¯n + a0|P(n)|
bs(d¯n)s − Q 1(
√
2n)d¯n + b0|P(n)|
where R1(X), Q 1(X) ∈ R[X] with deg R1  r − 2 and deg Q 1  s − 2. Hence,
lim
n→∞ An  limn→∞
ar(
√
2n)r−1d¯n + R1(
√
2n)d¯n + a0|P(n)|
bs(d¯n)s − Q 1(
√
2n)d¯n + b0|P(n)|
= lim
n→∞
ar(
√
2n)r−1
√
6
π
√
n + R1(
√
2n)
√
6
π
√
n+ a0|P(n)|
bs(
√
6
π )
s(
√
n)s − Q 1(
√
2n)
√
6
π
√
n + b0|P(n)|
= 0,
as by Theorem 7.1 we have d¯n ∼
√
6
π
√
n and r < s. Since for all n N we have An > 0 we obtain that
limn→∞ An = 0. 
8. limn→∞ NG (n,m)/NCT (n,m)
Let m,n be positive integers such that n−2m−1 0 and let p be a prime. Let NG(n,m) denote the
number of non-isomorphic p-groups P with |P | = pn , derived subgroup of order p, and [P : Z(P )] =
p2m , and let NCT (n,m) denote the number of non-isomorphic character tables of these groups. In this
section we compute
lim
n→∞
NG(n,m)
NCT (n,m)
.
Theorem 8.1. Let C< = {(ρ, e, λ,φ) ∈ CCT n,m: |cct−1n,m((ρ, e, λ,φ))| < (2m)!2mm! }. Then
NG(n,m)
(2m)!
2mm!
(
NCT (n,m) − |C<|
)
.
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the following diagram is commutative
Pm,n,p
Θm,n,p
ctm,n,p
Sn,m
cctn,m
CT m,n,p
Cm,n,p CCT n,m
Hence,
|C<| =
∣∣∣∣
{
[CT ] ∈ CT m,n,p:
∣∣ct−1m,n,p([CT ])∣∣< (2m)!2mm!
}∣∣∣∣.
Thus,
NCT (n,m) − |C<| =
∣∣∣∣
{
[CT ] ∈ CT m,n,p:
∣∣ct−1m,n,p([CT ])∣∣ (2m)!2mm!
}∣∣∣∣.
Let C := {[CT ] ∈ CT m,n,p: |ct−1m,n,p([CT ])| (2m)!2mm! }. Then, since for each [CT ] ∈ C we have at least (2m)!2mm!
non-isomorphic groups having their character table isomorphic to [CT ] we obtain
NG(n,m)
(2m)!
2mm! |C| =
(2m)!
2mm!
(
NCT (n,m) − |C<|
)
. 
Theorem 8.2. Let C1 = {(ρ,1, λ,1) ∈ CCT n,m}. Then
NG(n,m)
(2m)!
2mm!
(
NCT (n,m) + |C1|
)
.
Proof. Let C2 = CCT n,m \ C1. Then, by Theorem 4.2(a) we have that
∣∣cct−1n,m((ρ, e, λ,φ))∣∣ (2m)!2mm!
for all (ρ, e, λ,φ) ∈ C2 and by Theorem 4.2(b) we have
∣∣cct−1n,m((ρ,1, λ,1))∣∣ 2 (2m)!2mm!
for all (ρ,1, λ,1) ∈ C1. Using Theorems 2.1 and 2.3 we have
NG(n,m) =
∣∣cct−1n,m(CCT n,m)∣∣
 2 (2m)!
2mm! |C1| +
(2m)!
2mm! |C2|
= (2m)!
2mm!
(|C1| + |C1| + |C2|)
= (2m)!
m
(
NCT (n,m) + |C1|
)
2 m!
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NG(n,m)
(2m)!
2mm!
(
NCT (n,m) + |C1|
)
. 
From Theorems 8.1 and 8.2 we obtain that
(2m)!
2mm!
(
1− |C<|
NCT (n,m)
)
 NG(n,m)
NCT (n,m)
 (2m)!
2mm!
(
1+ |C1|
NCT (n,m)
)
.
We will compute limn→∞ |C<|NCT (n,m) and limn→∞
|C1|
NCT (n,m)
.
Theorem 8.3. There exists a polynomial Q¯ (X) ∈ R[X] that depends only on m and has degree less than or
equal to 2m such that
NCT (n,m)
1
(2m)!
∑
ρ¯∈P(n−2m−1)
(
d2m+1ρ¯ + Q¯ (dρ¯ )
)
where dρ¯ denotes the number of distinct parts of ρ¯ counting 0 as a part.
Proof. By Corollary 2.6 we have
NCT (n,m) =
∑
ρ¯∈P(n−2m−1)
∑
e∈D(ρ¯)∪{0}
∑
λ∈Pρ¯
f¯ (ρ¯, e¯, λ)

∑
ρ¯∈P(n−2m−1)
∑
e∈D(ρ¯)∪{0}
∑
λ∈Pρ¯
1
=
∑
ρ¯∈P(n−2m−1)
dρ¯ |Pρ¯ |
(|Pρ¯ | does not depend on e¯).
From Theorem 6.3 we have
|Pρ | =
∑
η∈P(2m)
(
dρ¯,η1
m(η1)
)
· · ·
(
dρ¯,ηr − (m(η1) + · · · +m(ηr−1))
m(ηr)
)
.
If in the above sum we retain only the term corresponding to η = (12m) we obtain
NCT (n,m)
∑
ρ¯∈P(n−2m−1)
dρ¯
(
dρ¯
2m
)
= 1
(2m)!
∑
ρ¯∈P(n−2m−1)
(
d2m+1ρ¯ + Q¯ (dρ¯ )
)
where deg Q¯  2m. 
Proposition 8.4. Let C< be as in Theorem 8.1. Then, there exists A > 0 and R(X) ∈ R[X]with deg R  2m−1
such that
|C<|
∑
ρ¯∈P(n−2m−1)
(
Ad2mρ¯ + R(dρ¯ )
)
where dρ¯ denotes the number of distinct parts of ρ¯ including 0 as a distinct part.
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Assume that m 2. Then, using Proposition 2.5, we have
|C<| 2
∣∣∣∣∣∣∣∣
⎧⎪⎪⎨
⎪⎪⎩(ρ¯, e¯, λ):
ρ¯ ∈ P(n − 2m − 1), e¯ = 0, λ ∈ Pρ¯ ,
and there exists some φ such that∣∣cct−1n,m((ψ(ρ¯, e¯), λ,φ))∣∣< (2m)!2mm!
⎫⎪⎪⎬
⎪⎪⎭
∣∣∣∣∣∣∣∣
+
∣∣∣∣∣
{
(ρ¯, λ): ρ¯ ∈ P(n − 2m − 1), λ ∈ Pρ¯ , and∣∣cct−1n,m(((ρ¯,1),1, λ,1))∣∣< (2m)!2mm!
}∣∣∣∣∣
where Pρ¯ is as in Deﬁnition 6.1 and ψ is the map from Proposition 2.5. Note that (ρ, e, λ,φ) ∈ C< if
and only if λ ∈ Mρ¯,e¯ , where Mρ¯,e¯ was deﬁned in Corollary 6.6. Hence,
|C<| 2
∑
ρ¯∈P(n−2m−1)
∑
e¯∈D(ρ¯)∪{0}
∑
λ∈Mρ¯,e¯
1
where D(ρ¯) denotes the set of distinct parts of ρ¯ . By Corollary 6.6 we have
|Mρ¯,e¯|
d2m−1ρ¯
(2m − 2)! + R¯(dρ¯ )
with deg R¯ < 2m− 1. Thus,
|C<| 2
∑
ρ¯∈P(n−2m−1)
∑
e¯∈D(ρ¯)∪{0}
( d2m−1ρ¯
(2m − 2)! + R¯(dρ¯ )
)
= 2
∑
ρ¯∈P(n−2m−1)
dρ¯
( d2m−1ρ¯
(2m− 2)! + R¯(dρ¯ )
)
=
∑
ρ¯∈P(n−2m−1)
(
2
d2mρ¯
(2m − 2)! + 2dρ¯ R¯(dρ¯ )
)
.
Let A = 2
(2m−2)! and R(dρ¯ ) := 2dρ¯ R¯(dρ¯ ). We have A > 0, deg R  2m− 1 and
|C<|
∑
ρ¯∈P(n−2m−1)
(
Ad2mρ¯ + R(dρ¯ )
)
. 
Corollary 8.5. Let C< be as in Theorem 8.1. Then
lim
n→∞
|C<|
NCT (n,m)
= 0.
Proof. By Proposition 8.4 we have
|C<|
∑
ρ¯∈P(n−2m−1)
(
Ad2mρ¯ + R(dρ¯ )
)
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2m − 1.
By Theorem 8.3 we have
NCT (n,m)
1
(2m)!
∑
ρ¯∈P(n−2m−1)
(
d2m+1ρ¯ + Q (dρ¯ )
)
where Q is a polynomial of degree at most 2m. We obtain
|C<|
NCT (n,m)

∑
ρ¯∈P(n−2m−1)(Ad2mρ¯ + R(dρ¯ ))
1
(2m)!
∑
ρ¯∈P(n−2m−1)(d
2m+1
ρ¯ + Q (dρ¯ ))
and
lim
n→∞
|C<|
NCT (n,m)
 lim
n→∞
∑
ρ¯∈P(n−2m−1)(Ad2mρ¯ + R(dρ¯ ))
1
(2m)!
∑
ρ¯∈P(n−2m−1)(d
2m+1
ρ¯ + Q (dρ¯ ))
= 0
by Theorem 7.6. Since |C<|NCT (n,m)  0 we obtain
lim
n→∞
|C<|
NCT (n,m)
= 0. 
Proposition 8.6. Let C1 be as in Theorem 8.2. Then there exists a bijection
C1 
{
(ρ¯, λ): ρ¯ ∈ P(n − 2m− 1), λ ∈ Pρ¯
}
where Pρ¯ is as in Deﬁnition 6.1.
Proof. We deﬁne
f : C1 →
{
(ρ¯, λ): ρ¯ ∈ P(n − 2m− 1), λ ∈ Pρ¯
}
,
f
(
(ρ,1, λ,1)
)= (ρ¯, λ)
where ρ¯ is obtained from ρ by decreasing by 1 at its last part of size 1 and adding 2m − 1 parts of
size 0. Thus, ρ¯ ∈ P(n − 2m − 1) and since λ is obtained from ρ by ﬁrst decreasing by 1 at a part of
size 1 and then increasing by 1 at 2m parts we have that f is well deﬁned.
Moreover
f¯ : {(ρ¯, λ): ρ¯ ∈ P(n − 2m − 1), λ ∈ Pρ¯}→ C1,
f¯
(
(ρ¯, λ)
)= ((ρ¯,1),1, λ,1)
is well deﬁned and is an inverse of f . Thus, f is a bijection. 
Corollary 8.7. Let C1 be as in Theorem 8.2. Then
lim
n→∞
|C1|
NCT (n,m)
= 0.
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C1 
{
(ρ¯, λ): ρ¯ ∈ P(n − 2m − 1), λ ∈ Pρ¯
}
.
Hence, |C1| =∑ρ¯∈P(n−2m−1) |Pρ¯ |. Using Corollary 6.6 we obtain
|C1|
∑
ρ¯∈P(n−2m−1)
( d2mρ¯
(2m)! + R(dρ¯ )
)
where dρ¯ denotes the number of distinct parts of ρ¯ counting 0 as a part and R is a polynomial of
degree at most 2m− 1.
By Theorem 8.3 we have
NCT (n,m)
1
(2m)!
∑
ρ¯∈P(n−2m−1)
(
d2m+1ρ¯ + Q (dρ¯ )
)
where Q is a polynomial of degree at most 2m. Hence,
|C1|
NCT (n,m)

∑
ρ¯∈P(n−2m−1)(
d2mρ¯
(2m)! + R(dρ¯ ))
1
(2m)!
∑
ρ¯∈P(n−2m−1)(d
2m+1
ρ¯ + Q (dρ¯ ))
.
We obtain
lim
n→∞
|C1|
NCT (n,m)
 lim
n→∞
∑
ρ¯∈P(n−2m−1)(
d2mρ¯
(2m)! + R(dρ¯ ))
1
(2m)!
∑
ρ¯∈P(n−2m−1)(d
2m+1
ρ¯ + Q (dρ¯ ))
= 0
by Theorem 7.6. Since |C1|NCT (n,m)  0 we obtain
lim
n→∞
|C1|
NCT (n,m)
= 0. 
Theorem 8.8. Let m,n be integers with m 2 and n − 2m − 1 0. Let NG(n,m) denote the number of non-
isomorphic p-groups P with |P | = pn, derived subgroup of order p and [P : Z(P )] = p2m and let NCT (n,m)
denote the number of non-isomorphic character tables of such groups. Then
lim
n→∞
NG(n,m)
NCT (n,m)
= (2m)!
2mm! .
Proof. By Theorem 8.2 and Theorem 8.1 we have
(2m)!
2mm!
(
NCT (n,m) − |C<|
)
 NG(n,m)
(2m)!
2mm!
(
NCT (n,m) + |C1|
)
where C< = {(ρ, e, λ,φ) ∈ CCT n,m: |cct−1n,m((ρ, e, λ,φ))| < (2m)!2mm! } and C1 = {(ρ,1, λ,1) ∈ CCT n,m}.
Hence,
(2m)!
2mm!
(
1− |C<|
N (n,m)
)
 NG(n,m)
N (n,m)
 (2m)!
2mm!
(
1+ |C1|
N (n,m)
)
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(2m)!
2mm!
(
1− lim
n→∞
|C<|
NCT (n,m)
)
 lim
n→∞
NG(n,m)
NCT (n,m)
 (2m)!
2mm!
(
1+ lim
n→∞
|C1|
NCT (n,m)
)
.
By Corollaries 8.5 and 8.7 we have
lim
n→∞
|C<|
NCT (n,m)
= lim
n→∞
|C1|
NCT (n,m)
= 0.
Thus, by the Squeeze theorem we have
lim
n→∞
NG(n,m)
NCT (n,m)
= (2m)!
2mm! . 
Corollary 8.9. In the hypothesis of Theorem 8.8 let Am = limn→∞ NG (n,m)NCT (n,m) . Then,
lim
m→∞ Am = ∞.
Proof. By Theorem 8.8 we have Am = 1 · 3 · · · (2m− 1). So, Am is an increasing sequence not bounded
above. Thus, limm→∞ Am = ∞. 
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